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Fortunately , at lower frequencies (smaller k
1r), 

the oscillatory terms

present in the integrands are scaled accordingly and , even though the

eff ective integration interval increases , the number of oscillations in

the integrand does not increase appreciably (Figure 5). This fact allows

one to in tegra te  Equations (3 .8)  — (3.10) numer ica l ly  by employing an

e f f i c i e n t  Gaussian quadrature  integrat ion rout ine  for  a wide range of

parameters .  Later in this  chap ter , the e f f i c iency and the accuracy of

the above numerical  in tegra t ion  procedure are demonstrated and compared

to the other available techniques.

3.2 Branch—Cu t Contribution

The expressions derived in the previous section are valid only when

no singularities are intercepted during the steepest descent path deformation.

In order to locate the poles and the branch points , one must consider the

fol lowing physical constraints :

a) 0 < < ~T/ 2 , since Equations (3.8) — (3.10) are valid only for

observation points above ground ;

b) Re(K) 1 and Im (K) < 0, since K a 4~ g 
— j i ~ / (wc

0
) ;

c) — -
~~

- < Re(~~) < ~r on the SDP (see Figure 3 ) .

Furthermore , since cos (~
) is a single—valued function , condition (2.50a )

does not have to be sa t i s f i ed  during the pa th  de fo rmat ion . Condi t ion

~2 .5Ol, ) is used to def ine an upper— and a lower—Riemann sheet in the

~—plane in which this condition is satisfied in the upper and violated in

the lower sheet.

Equations (3 .8)  — (3.10) have the  sane branch points  s a t i s fy i n g

c sin
~~~ b

O . (3.12)
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I t  one considers the  p hy s ica l  c o n s t ra in t s  d i scussed  e a r l i e r , only time

t o l l ow i n g  two branch po in t  solu t ions  ar t ’ of tnmp ortam ict ’ (see F i g u r e  o ) :

a 
~: 1 z j Lu ~~~~ + v~~ — 1) . ~ 1 ,11)

the corresponding branch cuts of Equa t i on  (3 .  13) which sat isi v the relation

2
un ( v K  — sin ~) — U , (1 .1 3)

as dep ic t ed  in F igu re  n , are  the boundaries  t h r ou g h  wh i5- hm the integration

pa th  w i l l  t r a v el  to and f r o m  the two Riemann shee ts  ~l t  toed e ar l i e r .

8ince the steepest  descent  p a t h  d e f i n e d  in E q u a t i on  (3 .  ~) is independent 
ft

of K , one ~VJfl e as i ly  dem ons t r at e  tha t fo r  0 0 , ~ ~)0~ onI~’ the b ranch

C p o i n t  w i t h  the upper sign can he cap tu red  by the ~lM’ d e t 5 i t-ma t i o t i  ~Ftgure ~~C .

Fheret  or e , one can  a l low the SDP to enter  the lower sheet  on ly  when t h e

Lower branch cut, corresponding to the towe r sign of l-\h t m~t t t o m m  , 1 . 13 ) , is

intercepted , since the path will always intercept the lower  5-u t  at  an

ad d i t ion a l  point  f o r c i n g  i t  to r e t u r n  to the upper  Ri emann sheet (see

Figure 7). A branch—cut int egration , however , is pertormt ’d around ~~~ ~~~~~~~~~~~

branch cut whenever it is intercepted in order to remna in t h e  p rop er  sheet

The b ranch  cut in the  u p p e r — h a l t  p lane as a f u n c t i o n  of a positiv e rea l

parameter  S can be expressed as

r
‘bc — i/I + j  Ln ( b — . — -

~~~ + .‘-. — I — -
~~~~) ,

or, equivalent  lv ,
ft. ./

sin ~~~~ 
— 

~ ~~. l~~h \
bc

— —j  — 1 — 
— . ( . 1 ‘c ‘C

By app lv t og the change om var iah Ic in l q t m a  t ion C. 1 . 1 ~~‘C t o t he $or~imt’r o l d

- —- ~~~~~~~~~~~~~~~~~~~~~~~~ A
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in t e g r a l s  expressed in 2 . -+ ~‘) — C 2 .  -
~~~~ ) and in t e g  r at  jog around the hram ic N

cut • the following contributi ons are obtained :

- V , —l flI ~~
‘ 

- - -

0 vl .~ 
t~,0P.1~~

(_ j ’C 
I ~~~~~~ 

l~ stn ‘C

Nc ,_ ~~~~ —

43 ~~~~
-

exp C . - l k 1~~2 cos 
~bc

3 dS

-- , - —l - I ~s ,~~ _ ‘C . - -

43 h l x 1  h O 1 ~~~~ ’ 
-~ ~~~~~ 

0 s in  ~~~ ‘C exp 
~~-~~ 1~~I 

cos - .,~~)d~
b4. 

I)

0 h I
~~I b 

a t k ( ’) 1 cos 
~~~ 2 ~1 + ~~ 

I ~~~~~~~~~~~~~~~~ . V I

si n cos , sin exp ~—~ k ~~~~~~ ‘C~~5,bt bL 1 1. — h~ 1

wher e  ~ — is the cr o s s i n g  po in t  of the b r anch  cut  and the ~P1’ in the

—p Ia~-e .  By expanding Equation 3.I) and Nv s ’m: ’ l o v i ng the  (3. 1 7 )

relations, the o I lowing conditions .m re ob t a i n e d  f o r  I

sin 0 , ~~~~~~~~ + cos 1 tm~B) — 1 ~~~~~. ~~~

p

~~ sin  1 I m ( A ’ C  + cos 
I 

ReC.B) I — t , C. . ‘ ‘1h’C

where the complex numbers .\ and B mre .let m e d  as

I
— ‘ .-~ — ; Re (A ~ ~ 0 , lmm ,A~ — 43 ( 

~ 
.

B • ‘ - — I 43 , t m ( i ~
) — 43 . .

In (3. P-fl . t — t d e f i n es  th e  oo it - m t a t  ~-.- tm i ch the SPP, cor r , -s; ’omid i ~ to

the  ‘I’s, -r v ~m t  io n an~ Ic -
~ ,. i n t e rc ep t s  the branch c u t  01 : ouat ion . . I -

~~~ m t

S — S . .\f ter sent ’ . m [ cet’ r.m 1 c ~ian pi m 1 at ions , -~u .m om~ . S-~ ‘C can ‘o

- V~~ - -- V- -  -~~~ LV ~~~~~~~~~~~~~~~~~~~~~ 
-
~~~~~

- - - . L V - - -  ~~~~~~~~~~ —
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further s imp ti ti e d to

43 . - s i n  ~~Re (A’C + lm t B ’ C l 
1 I~ - tan

1 
~~ -~ -3-)

f rom vii ic Ii 43 - , t he s’t ~~~t’ i-va C tem i aog Ic at which ~DP m5- i I l ~‘-mss through the —

branch poin t , can be computed by set t ing S — 0. Since 43 i s  only a1 m l i i

f un c t  ion  01 , Figure 5 is construc ted to show its v a r  t a t  ions as a f u n c  t ien

01 t h e  gr ound parameters and the f r e q m i e n c v  . Theref ore , whenever the

obs ervation am Ic  43 , sat isf ics the condition

-‘ -~ - , ~3.II~— ~it mi

the’ branch—cut contr ihut ions in C. $ . — . 15) are  to he added to their

t e s p e c  t ive  S~~1’ ~-ec to r potent Lii t ofl1~u Ia t ions  expressed :n . 5)  — C. . 10)

I: smm5 ’u 1 d be t’o t oted  out  that s’nce the ¼-end i t ion 3. II is ~et , the  -~~

br.mnch~~ ut integrat ion I i~~t t can be computed numer ic.i llv Nv i ter at  j og on

~ lu _ mt cmi 
~ 
3. 1 . .-\ so , hecaimse 0 t t he  b ranch  ~~u t i n t crc opt ion , t he 51W

in te gr an d  w i t  I he discontinuous at p o i n t  ~ 
a , wh i5- li is read i Iv c om p u t e d

Nv smm hs t it ut ing the ~-a l i me  of 
I 

m i t  ° C. - 1 °h

t o m t ~m n _ mt ~- lv • in man y  cases . th ~’ b r . m m m c l m  ~~ut  co n t r i h u t  ions  ire st-ve ra  I

o r de i ;  ~iaci i  tude sma I let than t he S II’ jut ogra 1 ‘-a tue ansi c m  be 
S -

~h ctet ore , it ~~~~~ ‘is ’s’ ’ 5 s C t~ V :o introduce a 5-c n d t t i c n  f o r

~~i one c .mn gno r e the branch—cut t n t  oftzr.i t ion and th e  reb~ omp u t o  th e

\,-c t or ‘ ‘t  cot ia Is mer e o f :  ic tent I v .  tli t s  task s~~lIl be a ccompl i shed  Nv

m l~ 5- ’n side rmng the exp ¼— k 1
r ~ term present ~n al l t N t - c t ’ v e c to r

‘ot en~ t.m I ~n t  e~t t a n 5 1 s  shown in ¼ — 
~~. I i C \  . it :10 :‘o lt ’5 ire pr es e n t

:1 ‘~ l O l l  is  .~~‘m ~ t 5 5 m m r . a m ite integrat ton to  the tiiter’s.m l

— 
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will result in an error on the order of 0.01% as compared to the f u l l

infini te  integration. By examining the branch—cut loci (Figure 6) and

the SD? behavior (Figure 3) in the c—plane , an assumption can be made

which states that if the branch cut intercepts the SDP inside the f i n i t e

integration interval defined in (3 .23 ),  then the branch—cut contr ibut ion

is not neg ligible-. Or equivalently ,  the branch—cut contribution requires

an additional condition , namely ,

< t
tnax 

= 3(k1r2
)~~

’2 (3 .24)

where t = t 1 is the SD? and branch—cut intercept defined earlier .

In summary, condition (3.22) signals the capture of the branch

point during the path deformation. If captured , condition (3.24) is

used to decide whether the branch—cut  integrat ion can be ignored or not .

Table 3.1 is constructed to verify the validity of the assumptions which

led to Equation (3.24) by comparing the branch-cut  values wi th  the SD?

integration results for a wide range of parameters.

3.3 Pole Contribution

Unlike the branch points , which exist in all three of the correction

vector potential components , the poles only exist in the vertical

components of the vector potentials , v i z . ,  O11hlz and and sa t i s fy

the relation

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . ( 3 . 2 5 )  r

I
Aga in , by considering the physical constraints discussed at the start ~~~~

the previous section , only the following two poles need to be considered

(see Figure 9 ) :

= -
~r / 2  ± j  [Ln (/~ 

— j )  — Ln ( 1/ k + 1)] . (3.26)

V -— I~V LVLVLV ~~~~ VLV



-- . .  -
~~~~ 

-
~~~~ - . - -___

30
N’ -.3 —~~ -.0 N-I ~~~ NJ N. sf1 NC ~~

-~~ N’ - C NI - .
0 . . . . - ~~~ -:7- N. — NJ

— —l NJ -~ (-I Q N’ —s -~~ — 1 ft’~ .C
c~ ~~~ ..-. - .-— .‘-, .—, .‘~~ ---ft ~•_7 -—- —ft .—‘ -.— -—
> C I I I I I I I I + + + +

- —4 . 1  NJ NI — -.0 0’- N~ srI N1 Q-.
0 4 . . . . . . . . .

UI X sf1 NI -~ft7- ~-1~ — N-~ N-I ‘3 sQ 54.7 NI
II 5.4 sf1 sf1 -~~ — — C CI ~~ NJ NJ 01 NJo — — NI NJ —N-i I I I I

N

-
~~~~ T
C
NI

C
CI —4

~~~ Sf1 - N.
5.I X NI C ‘.0
0 • N-i . . N-i
U 0 — . . N-I NI N-i
I -~ .‘— .-., .—I -—

I I + + + + I I I I
-4 U s-a I I -~~ NI I I ~~ sf1 I I N. 5(1

0 0 I I I N-I I I N-I ~~ I I —O NJ — . . ‘3UI I-s . • ~.,14 ~~ I-s I I
554 ftC
S

-
~ 3 73.7
.-~ c_i

N’
s-a

-4

0
N 0

‘-4 -4 —t N- N’ —~~ CI N-i ~~ —1- .—l 5(1 NI C sQ
~~~~ 0 C -~~ N. • NI . . .
UI -4 - C . - N. N’ .-.

C I.. N-I N-i —1 N-I ‘3 7-— —4 ~~ — NJ NI

~o X ~~~~ •‘—, “— 1 -~~.7 -— 3~~7 ~~~~ -— V
~~’ ~~~~ ~_.7

I-s I I I I I I C I + + + +o a-’ s-a NJ Ni ‘3 5(1 ‘3 ‘3 ~~ NJ fl 731 -4 NI
0 . . . . . . . . .
-+ 0 LI.7 NI ~~ -1- —4 N’ NI C -~~ —‘ o~ C

S M 5(1 1(1 —1~ — — C CI s/I NJ NJ ~
,

0 0-. ~i . —s NJ NJ —s
I I I C

‘I • C~Il0 —4

II

a-s C
0 I I ~~ C I I C I I ~~ C
C ‘—E I I • . I • . I I

C I —. NJ I I NJ I C — c—I
•‘O

a-I C
0 UI
U

& C I I -~ ~f1 I I — 511 I I —
I) -.. ‘

~~ I I ~~ srI i I 0 SrI i C 0~ sf1
S UI I I • C I . . I
UI 3
1-. .0
. 0 0
II —
. 0 0  14 Si’ 5(1 sf1 5(1
a-~ C UI N-I N-i C-i -NJ N- N. N. N’

C . . . . . . . . .
a__ i — -4 -4 — — 5— —4 -~

0 CI
—4
‘-a C
UI

4-I C . . . - . - . . .
-
~ —s c c
C NI ~~I NI ‘3 .~ I 0~C CI
I) ~O
C

—S -
~

• La-S V_i . . . . - . . . .
C = -

~~ sf1 ~~ 11 si-S
ii J ~‘J NJ 1 NJ — — —‘

-

~~

- - - - -LV—. -—--  
-

L. -V -— ~_~ _~V ~~~~~~~~~~~~ ‘ . ..__ _ _ — ...s_5- -s- ~~~~~~-~ - -  - ~~~~~~~~~~~~~~ - _--. - . ~~~~~~~~~ _______



31

-J4
Ui
..

N 0I
I.-E
b

~~~~~~
2 I’
I
~~~~~~~~~~~

,

~~~~~~~~~~~~~~~~~~~~~~
/I

; 

N

i i
~~~~~~~~ C

.-~~~~~~~~~ 
~~ 8, %1
0 A -

~~~~-T / 
~~

‘ - -
~~-~~ j ’ ~~

I.- 7---.$ C
—

0 I ~‘J — ‘
~~ / I’

b 
~~~~~~~~~~~~~~~

~ .2 b
I I j ~~~~—p-~~

0
I I I  -s -
I —

b

4 I I I~I 0 ‘
(‘Ja a o 0 0 0

LLV _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ____-- - ~~~~~ L V L V  ~~~~~~~~~ . — - - - - -~~ -LV~~~~



l\ lr t I~Ifl a_t t tft tv  - one s~~I I I  y e n  v t lttt for ~) — . 7 / i  ~ 
-‘ • -int ~i

LIV s ellS ider in~ the  C O LV t~ Is 5 R [emann sheets (~1ee Ft ~~ut- , - I ‘C - t he P~’ les in

L s p L l t  I oil 1 ~ . 2b) Wi. I I not be eitptttred by t he  SDP and the re-s Idue COnt r i hu t  b i t

I ~ Its4  I needed - I(owe~’ e r , under  ex t reme ~ I re  Urn s t am- t-s - i - e . t~ ‘)O~ .tnd

~II1Ist I I t -
~ P’4 IC ean ~~~~ C I s) S t ’ t o  the SDP - In t h i s  -ase , ~ h l~~he n— orde r

auss t an qu a d r a t u r e  i nt e gr a l  ton rout  Inc is requ i red  and possibly the

e t  reel lye lnie~ r~tt ion Interval in (3.23) should he expanded .

1 . 4 As~rn i p to1 ie A~~~~~x L m l t i o n

Ilte ~-. t CC I 1C$ I dese CUt 11 rmu t a t  IOU 0 t the p rev b u s  s es~ t I sInS C til he IISCd

Is ’ Jer i~’e lU asvlflp tot I s~ expansion t o r  the Sommert e Id tnt egra Is in t erms

s ’ I inver se  powers of k r . I n  A p p e n d i x  I I , a gene ra l  d i  s ct t s s  Ion Is

t~r s -st -t~ted b r ~t svmp tot i5 - 5t [l v  e v alu a t i n g  the lflIL’5~~I~~ I I In  3 I) - and 15 an

t’xamp Ic • the ~ r~ct two ~~~vrn~)to t  Ic expansion t~’rms I sIr he Vt ’L’ ts ’i p ot C f lt  1. 1]

‘\I~t~t’-i-; Ions in 2 . ~+ 7 — 2 . ~~ ‘C ~t r e  derived , the t I r st  terms , bet  t e n  k1~~4wfl

a~ the  Fresne 1’ s ref  lee t ton eec f f  1~- lent method (RCM ’C apprslx m a  I Ions - tre

- ; t %~iwfl t o  h e :

25- ~~s I5 
~ , 4

— I — — -  - —— ~~~~~~~— - -—  exp (—jk r ,~~/ - 4 II r , f t)~ k r ,’C
‘. I — Vt )  I LV ~- I —

— ~~~~ ‘ 2 + ~~ — ~~~~ ~C

2 ~~~~i V4  - C

i) Iii 
— 

itt) 
LV~~~~~ —

~~~~~ Lx p (— tk
1
r U + O(k

1
t 
2~

5 5 4 5  — ‘- — 
~ In

2 ~ 45  ~ , s l u t  ~, s s ~~~ 
.
~

1 h I -~ hO -c- 
s O S  1 + ~- — ~ I 74 7 5

• • XI.7 t—~ k
1
r 2~ /-s r . ~ 

s)~ k 1
r 5~ . ~

— - — -~~~~~~ - - -—— - 
- V . -  

- — —~~~~~~~
-
~~~~~~~~~~~~~~~~~~~~~~~~

—-- - -  -LV 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
~~~

-.-— -
~~~~~~~~~~~



- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
LV . - - -- - LV-.,

33

The above RCM expressions have been extensively used for high—frequency

antenna applications (k 1r 2 large) with surprisingly accura te results,

e . g . ,  [13], [141. This success has been mainly due to the fac t  that

for  observation points away from the interface, the remaining vector

potential  components prese-nt in (2 .20 )  and (2 .30)  tend to dominate over

the RCM components thereby reducing the net error in the total vector

potential  values computed . Therefore, little is gained by adding the

complicated second terms in the asymptotic expansion of the vector

potentials, derived in Appendix II , since the accuracy of the total

vector potential will not be a f f ec t ed  appreciably .

An error of 5% or less can be expected in the RC[4 vector potential

componen ts shown in ( 3 . 2 7 )  — (3 .29)  when

k
1
r, > 10 , (3.30)

and as long as the branch—cut conditions given in the previous section

are not violated (see Tables 3.2 — 3.4). These conditions are more

general than the one proposed by Sarkar [ 7] in defining the useful
range of the RCN expressions. The secOnd terms in the asymptotic expansion ,

as demonstrated in Tables 3.2 — 3.4 , only of f e r  a sl ight improvement in

the accuracy of the 
O~ hlx RCM expression in the region where the branch—

cut contr ibution is negligible. The remaining vector potential components ,

however , do not benef i t  from the 2nd 
term in the asymptotic expansions ,

possibly because they contain a pole in their Sommerfeld integrals.

Figures 10 — 12 also compare ~he RCM, two—term asymptotic expans ion and

the exact in tegra t ion  values of the correction vector potential components

for  a typical half—space as a function of k
1
r,. Finally , in order to

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ____
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Arbitrary Wire Antenna

~~~/ \~\ /~~\ 1/ /
_ 7- I

• -Medium I(air)

7/ ~7// ~V// ~~~ 7/Ø~
2r g - - - - 

/

/
Medium ~ (ground)

Figure 18. The geometry ot an arb itrari l ’.- - h . I C ~ od wire antenna Is ~c .Ited
over a lossv half—space.
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~~~exc
(

LV4
~~~~

) + 
~~
‘a~ 

‘ 

J~~ v~~ a C ra~~ 
‘ + Gh a~

r
a
)
~
c .

antenna

= -\(~ 
)
~

( ) (5.1)
a a

:he:
e 1(~~) isa unit vector along the antenna direct ion and the kernels

G (r ,r’) and G (r ,r’) are the E—fields induced at point r due to a one—
v a a h a a a

ampere electric current element located at ~~~
‘ and oriented in the z— and
a

the x—directions, respectively . The matrix Equation (2.9), which formula tes

the electric—field components in terms of the vector potentials, is used

to write:

+ + +
E = D f l  + D I 1  , (5.2)

x x  z z  

+ ±
where the vector operators D and D are defined as:x z

~x ~~~~~ ~~~~ 
+ z~ 

( 5 . 3 a )

= 

~
[
~

-) + -i--

] 
+ 

~~ 
÷_

~
] . (5 .3b)

By using the general formula in (5.2~~, one can direct ly write the two kernels.

and 
~h ’ in terms of the incident , perfec t reflection, and the 1-orroction

vector potential components (see Equations ~~~~~ ~~~. ~ - and (~ .:. L~~~. namely ,

-~~ -~ -4. -
~ i -

~ 
-
~ -~r 

- - - -

G (r  , r ’) = G (r  ,r ’) + C (r ,t- ’ S + ; ~r r ’). (S . -..)v a a v a a V a - t ~
- i

where

~~ I — l~
~v~~a~

ra) = (juc
0

) D g ( r  — r )  (5. i a )

= (juc )~~~ g( r  - r ’ - 2h~ ) ( 5 .  ~b )
v a a 0 z a -i

~ (~ 
,~~‘ )  — — 

~~
‘ — ,

O v  a a z 0 v l ~ t i
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and

Gh(1~~
,r )  = Gh

(r ,ra) + Gh(~~
,r )  + 

0
G
h~~a

,1
~a
:) , (5 .6)

where

LV4- LV4- 
- — j--4~Gh ( r , r ) = (3wc 0) D g(r — r a

) (5. 7a)

= 
~~~~~~~~~~~ 

— — 2h~ ) (5 .7b)

0~h~~a
,ra
) = 

~ x 0~hlx~
’a 

— 

~~~

‘ — 2h~ ) + 
~z O

T1hlz a 
— — 2h~ )] . (5.7c)

Note that in the above equations , h = r ’ cos (0) is the height of the current

- 

- 
source above the half—plane interface and g is the free—space Green ’s function

defined in ( 4 .5 b ) .

The correction vector potential formulation of Chapter 3, namely,

Equations (4.11), (4.15), and (4.16), along with the expansions presented

in Appe ndix I I I ,  enable one to compute the scattered components of the two

-~ •r -4-
kernels , v i z . ,  G , G , G , and G , without difficulty . However , because ofv 0 v h  O h  -

- - - ~l —ithe singular nature of g, the free—space sojutlon or the kernels , 1, and

should not be computed directly . Instead , as has been successfull~- reported

[11], [14], [181, and [19], the thin—wire approximation is used to  shift

the observation point r to the antenna surface , and in order to further
a

smooth out the singularities , the finite difference scheme is emp l oyed to

perform the D and D operations defined in i5. 3) .

5. Method of Moments

\s developed by ~Iarrington [17]. the method ot moments is a ~- ‘nven lent

approximation for transforming the antenna integr al equat ion int o 1 numor 1 I  liv

manageable matrix form. In this work , pulse—has is and dcl t . i — m - i t c t t  inc t mc t ~ons

~~~~ LV ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -
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n3

are chosen since they eliminate the need for integrating the kernels 
~

and C
h• The number of unknown patches on the antenna N should be large

enough so tha t  the patch  length ~ is at nost 1/6 of the wavelength .  The

approximated current along the antenna is therefore represented as:

N -

I = I I , ( 5 . 8 )
n l  a a

for which ‘m is an unknown constant value over the ~
th patch and zero

outside of it , also ~ is a known unit vector tangent tc the antenna at

the center of the n~
1l 

pa tch ~see Figure 18). Substituting (5.8) into (5.l~

and letting subscri pts n = 1, ~.3.- - denote C C  l u at  ion at the center

of the n tul patch , ’ and letting [1
4-
1 and [~~ eXL

] be column vectors containing

the current and the tangential excitation field values at successive

patches , one f inally arrives at

[
~~~èXC

] — —[~
1m
~ ][t] + [ \ ] [ i 1  , i5. °)

where [~ 1 is a diagonal matrix with elements ‘l’~~’’
”’’

~~ 
and 17

imp
1 

~

an n~~n square matrix with its ~
th row and j~~ column element defined as:

~
tmp 

— \I(~ j ‘ [~ ‘ I(~- .)G (r ,r ~ + x - 1(r )C ,r . ) ]  -ii al aj v ai aj aj h i i

Note that i and j  also refer to patch numbers , and ~ is the patch length.

The matrix Equation (5.0) can be 3olved for the unknown currents [I], and i’v

replacing the excitation E—field in terms of the excitation velta~ e [V). one

arrives at

= [y Jflt ] [~~] ~
, i lj)

\.~int ] ~-l - 
.imp

1 + 
~~~ 

S~~ 1 l~~

Once [\.ant is const m c  ted for a g [von s t rue ture , the ~tnt enna cur rents - i n

LV -
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be directly computed for a given voltage source excitation. As was discussed

in the p revious section , the thin—wire approximation and the fimite—dif ferenc~

scheme are employed for evaluating the free—space solution components of

the kernels, viz., and 
~~~~~~ 

A power series, derived by Harrington [20],

is used for the thin—wire approximation computations , and based on the

conclusions made in [111, (141, [181, and (191, the finite difference

parameter iS is chosen to be equal to ~\/2 , e.g.,

f ( x  + iS) + f(x0 — 
3) — 2 f ( x 0)

f - 0 ; ~ 
= ~/2 - ( 5 . 12 )

xO

The free—space solution obtained by using the above approach has been thor—

oughlv tested and , as an example , the generated impedance curves shown in

Figures 19 and 20 agree well with the ones reported by Jordan et al. [21].

5.3 Far—Field Radiation Pattern

The RCM expressions , shown in Equations (3.271 — (3.29), ~ire the log ical

choices for representing the correction vector potent ial components in the

far—field region (k
1
r ~~~ 10). Working in the sp h e r i c a l coord ina te sys tem

~~~~~~~ and neglecting all terms containing r , r 3
, ‘ ‘- , one can easily

show

(~~.l ~

where is the total vector potential. The total e l e c t r ic  f i el d  E , i rom

Equat ion  ( 2 . 8 ) ,  can therefore be shown to have no r—component . namel y ,

= 1k ÷ ~~~~~~~~~~~ = k [(cos ~ ~~~~~~ ~ 
— sin ~ ~~~~~ — .

Is expected , the above f i r — f i e l d  express ion r e p r e s e n t s  two il.ine waves
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~po lar I ~ed in the ~~
— and the ~

— direct ions propa gating away from the (x , v ,

or ig In d e f i n e d  In Figure 18. in summary - the far—elect n —ti e Id rad i~t t  ion

i’attern du~ to  a cu r r e n t  element with no v—component k-an he readi lv computed

~‘v initial lv eva lu at  ing  the total ~‘ec tor potential components V [a the RCM

approxiina t ion ~ind then usi n g E q u at i on  (5 -  l-~ t o  obtain the F—f ield va lue~

at the des [red observat ion points.

ilie f a r — f ie ld  pattern f o r  a c i v en  an t en na  structure is simply ot’tained

by app lying the superpos It ion t heorem t~ the individua l rad [at ion p~t t crils

of the antenna current segments defined in the method of moments approxim .tt ion .

S-id [at  ion pat tern examp les are inc luded for the v ar  ion s  antenna st ruct urt-s

ana lv ~ed in the following Soc t ions .

S~~.* Hori~ental Antenna over Lessv
~~ itlf:~r

ace

the genera I developments o t oct ~~~ S - 1 — - -~ are .ip  p l i e d  to  t h e

her i _~ont a I jntenna shown in F I g u re 21 - Fort una tel v , ~‘-c_ l uso 01 ~i -  s~-m:m. - r e S

- ~.imp - - - LV -pr esent in this geometry - t h e  [ - -  I nat n i x  in ~~uat ton i ~ , 0 i  t I ~~-s he

:-ollow ing form ~Toep lit : inatrix~

Vt l J 2 ~~~~ ‘ . -I 
-

~

a , a a , — . . _ t  -

— 1 —

- _ t , _ l , ~k — — .
- — I i-i— — 

-

1 2
i~~~~~

1 ‘ ‘ — ‘ ‘ ‘ - - l ’ . ~

a a , - - a
II 1 1 I  1 _  1

.he no  t O t e , otie nee d S t O  - - o m p i l t  C Oil Iv -‘lIt’ t O W  0 t t h t s al t t .  x and is.- t o it  - -

‘ned svmmet rv ~~- ‘ c. ’rlp I o t t ’ It — ~h c na in r O c r ~l1 . t~~~ 8 ~.
- .- . \ - ~- . -~ J
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is developed to  analyze the horizontal antenna of Fi gure 21. t’sing this

program , Figures 22 and 23 are generated to show the impedance variations

of a 2L = 10 meters center—fed horizontal antenna located ii = 3 me ters

above various lossv grounds. Radiation pattern of this antenna at 15 ~fl1z

is also shown In Figures 24 and 25 .

5.5 Vertical Antenna over Lossy Half—S pace

rhe vertical dipole shown in Figure 26 is the next geometry considered.

Unfortunately, as was the case for the horizontal antenna , the total [Z imP i

matrix is not in a Toeplitz form . However , main program VERT (in Appendix IV)

is designed to take maximum advantage of the available symmetry . As an

examp le, Figure 27 is included to show the radiation pattern of a 2L 10

meters , h S meters , center—fed vertical dipole at resonance if = 15 ~U~z l

located over various lossy grounds.

5.b Inverted Vee—Dipole

As a comp licated examp le, the inverted Vee—dipole o f Figure 23 is

considered. Again , as in the two previous sections , symmetry is used in the

main program VEEDIP (Appendix IV) in constructing the [1mmP 1 matrix. The

rogram is tested for an inverted \ ee—di pole structure having L = ~~ meters ,

= 10 meters, and ~ = 0
0

; Figures 29 and 30 demonstrate the radiation

pattern of this structure at 10 ~fl-lz and for various lessv grounds.

in all three of these examples , care has been taken not  to violate the

conditions c 
- ~ 10 and Equation (~~. 25) to ensure the  accuracy of the results. r

Also , since the [Z~~~ J matrix for these examples turns out t o  ‘c s - r n n e t r f - , 
—

a special inversion routine (XINV in Appendix 1V I is employed t o  save an

appreciable amount of  computer time .
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Based on the steepest descent path (SDP) Integration techni que , an

e f f i c i e n t  numer ica l  i n t e g r a t ion  pro cedure  is de~’e loped in Chapter 3 for

computing the Sommerfeld infinite integrals present in the vector potent Lii

express ions  of a c u r r e n t  element  r a d i a t i n g  over a loss~’ hal f—space. Fv~-n

though this procedure is about ~in order of magnitude faster t han  the l a t e s t

r ep or t ed  Sommerfeld  in t e g r a t ion  t echni ques , the computat ion t ime for a tvp ical

antenna  problem can s t i l l  become p r o h i b i t i v e .  The ret lection coefficient

method ( RcN ) a p p r o x i m a t ion s , wh ich  are simply the first term In the asympt otic

expansion of the  Sonimerfo d integrals , offer a simple closed—form so lut ion

va l id  only ~it  the high end of the frequency spectrum and which .-anno t he

emplo yed in maqv practic al s i t ua t i o n s  - A l s o, t h e  ad d i t  i O f l  01 the second term

in the aforementioned asvmptot Ic expansion to the RCM spproxinu t ions is rul ed

out • since the resulting vertical Vector potent Lii components d ivergt’ from

their respective exact  i n t e g r a t i o n  va lues .

Chap te r  ~ p r esen t s  a n ove l  appro ach  in which the trans tot - rn doma in

representa t ion of the vec tor potent Li is is ~ipprox inn ted snc  li I l t a  I

resul t ing space—tl oina in express  t on s  do not require any kind of infinit e

littograt ion . This app roach 11.1$ the tier i t  of be Ing computat i~ ’mi~i i v over an

order o i inagni tude (aster than the SDP technIque 01 Chapter - wh ii e i ng

accurate over a wide rangi- of parameters of p t-ac t  i - cal tnt crest - m d , in

add it ion , o t o rs a simple and nume rt~- a il v man.igeab lo pro~- L’dure 1 or ot’ t a i i i  a~

the ne_m r E— and H— f te Id c onmp~’ncut s -

7ht~ ~ t’ne ra computer program, list ~-d in \ppend ix I V . is ~ic v e  I 

t-mp 1ev u g the api~ t-ox tma  to  formu it s et L I l a  or ~ m d  ts usc~i 1 0 -
~~~‘ lye ~~~~ t- .i

- - - ~~~~~~~~~~ 
- 
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antenna geometries. With minor modifications, this program can be adapted

to analyze most three—dimensional thin wire antenna structures over a lossy

half— space -
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APPEND IX I

EVALUATION OF 
O

1Thlx ’ O
iThlz~ 

AND 
O

11vlz AT 
~2 

= 0

In this appendix , the behavior of Equations (L47) — (2.49) is studied

at  ~3 , = 0. In the i r  present forms , these integrals are not defined at

= 0, although it is clear that  their  equivalent forms in ( 2 . 4 2 )  — ( 2 .4 4)

are bounded. Equation (2.47) can be expressed here for  convenience as

tvO ~~ 
-jz 4.k~

_\

01’vlz = ~~ J _______ 
- 

________ 
H
0 

(p 2\)e dX (1.1)

—~~K/ — \ ~~+ / K k — X

where 
~~2 

= r~ sin e 2 . The Hankel function in (Li) is not bounded at

e 2 = 0 To c i rcumvent  this d i f f i c u l t y , one replaces H0 with i ts expansion

fr om [2 2 ]

( L V 4 . )  (-1)~~~ 
o \  2m 1

H
0 

( c- , \ )  = J
0
(~ 2

\) — 
j 

-
~~ Ln LV~~~~~~~~_ J

0
(c ,\) + ~~~ 

- 

2 ~~~
m 1  (m !)

(1.2)

where y is Euler ’ s constant and -~ (m) represents the harmonic ser ies ,

i.e.,

p ( m )  1 + 1/2 + i / I  + - . - + I ’m - ( 1 . 3’)

Note that  both and the summation terms in (1.2) are even functions of

\ , henc e, their contributions to the integral (I.i) are zero.

Substituting (1.2) into ( 1.1), one finally arrives at
r

_ _ _ _ _ _ _ _ _ _ _  

-
____________________ —~~ -~~ J (r , sin ~, \ )

0 vi: ~rTj / , , , 0 —

—-‘i ~~~~ 
— V~ + — V

-j:,4k 1
-\

- L n ( r ,~~) e d \ , 1. L V 4 I

_______ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _________ _~~~~ _~~~~ - -

~~~~~~~~~~~~
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which is obviously bounded at a , = 0. Introducing the change of variable

X k1 
sin ~ into ( 1.4) and set t ing 0 2 = 0, one finds

O~
1vlz = 

1
~~~ i J K sin ~ cos ~ —~~-Ln (k1

r
2 

sin ~) ~
_
~k1

r2 COS~

F K COS ~ + /K — sin ~

0
2 

0 (1.5)

where path r is shown in Figure 2. In a similar fashion , one may obtain

equivalent expressions for  the remaining vector potent ia l  components at

0
2 

0, namely ,

I k . . — jkr coS~
&thlx 

v O l  J Sin ~ COS 
—

~~~~
- Ln (k

1
r9 sin ~) e 

1 2 
d~ ;

F cOS ~ + /K — sin ~

02 = 0 (1.6)

and

&~vlz = ~ 0 2 = 0 . (1.7)
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APP ENDIX II

ASYMPTOTIC EVALUATION

In this appendix , a general formulat ion is developed for  a higher—order

asymptotic evaluation of an integral with the following format :

u = -

~~~~~~

- J P(~ ) e jItr cos(~—8) d~ , (11.1)

where it is assumed that kr is a large parameter , —ii / 2 < 0 < ~T/2, P (~ )

is a slowly varying function and path 1’ is shown in Fig. 2. For large

values of kr , one is usually interested in determining the asymptotic

expression of (11.1); this is done by employing the method of the steepes~ —

descent path integration. At the saddle point ~ = 8 , one can deform the

integrat ion path F to the steepest descent path (SDP) defined by

Relcos (~, — 0 ) ]  = 1. Assuming that in this deformation no poles or branch

points are encountered , one may express (11.1) as

u P(~ ) e
_jkr cos(~-0) d~ . ( 11 .2)

SDP

Since on the SDP the relation Re[cos ( - ~ 
— 0 ) 1  = 1 hold s, one can

introduce the change of variable

cos - 8
2
) = 1 - jt

2 
, (11.3)

or equivalently ,

t = v~~ e~~~
’4 sin (1I .~~)

in which t is a real variable taking the domain [ — -
~
‘ , -

~~~
} .  Substituting (i .~~) 

- -

into (11.2), one arrives at

- 

- —
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— jkr—j rr/4 ~~ k 2
u = 

— J 0(t) e 
rt 

dt (11.5 )
2~ 2 ~i

-~~~

w~tere

(1 ( t )  = P (~~) sec ~
‘ , ( I I . 6 a )

in which ~ is replaced with

= ±~~~~+ jLn(t
2 

+ + I t l v ~ + 2j~~ + 8 , t 0 (II.6b)

and Ln is interpreted as being its principal value The complete asymptotic

expansion procedure [23] is now used for the asymptotic evaluation of ( 1L5) .

In this procedure , one first expands Q(t) in a Tay lor ser ies

3n 

Q (t) = 

n~ O 

Q
(fl)
(~ ) 

~~ (11.7)

where Q~~~ (O) = — Q(t)~ and F is the Gamma function. Then (II.fl is
3t t=0

substituted into (11.5) to finally result in

- —jkr— jn/4 ,—2ne ( k ) ~~~~
1’
~ Q

(_
~~~( Q )  - ( I I . S )

2v2T1 n 0

In constructing the preceding equation , the following identity was used ,

v iz.

2 1(~~)~~~~~~~
2 
F[(l + n)/2] for n even

dt =~~ . ( I I .~~
LO for n odd

(‘n)
i tc tasK is now to determine Q ‘ s in terms ~~t P. fliis is achieved ~‘v

differentiatinc (II.ba) and arriving at

— -~~~~~~~~~ -——— -- —- ~~~~~~~~~~~~~~~~~~~~~~~~ I


